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BOUNDS FOR THE RATIO OF TWO GAMMA
FUNCTIONS—FROM WENDEL’S AND RELATED
INEQUALITIES TO LOGARITHMICALLY COMPLETELY
MONOTONIC FUNCTIONS

FENG QI

ABSTRACT. In this expository and survey paper, along one of main lines of
bounding the ratio of two gamma functions, we look back and analyse some
inequalities, several complete monotonicity of functions involving ratios of two
gamma or ¢g-gamma functions, and necessary and sufficient conditions for func-
tions involving ratios of two gamma or g-gamma functions to be logarithmically
completely monotonic.
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1. INTRODUCTION

1.1. The gamma and ¢-gamma functions. It is well-known that the classical
Euler gamma function may be defined by

I'(z) :/ t"te7tdt, x>0. (1.1)
0

The logarithmic derivative of I'(x), denoted by ¥ (x) = %, is called the psi or

digamma function, and ¥*)(z) for k € N are called the polygamma functions. It
is common knowledge that special functions I'(x), 1 (x) and ¥ (z) for k € N are
fundamental and important and have much extensive applications in mathematical
sciences.

The g-analogues of " and ¢ are defined [4, pp. 493-496] for « > 0 by

- e 1_qi+1
Lg(z) =(1-q) mnma 0<qg<1, (1.2)
i=0
ey 1= gD
Ly(x) = (¢ -1} q(2)Hma q>1, (1.3)
i=0
and
() A
() =5 oy = ~I(l-0) +Ing) T g (1.4)
q k=0
[ee] e—wt
—-l(-g)- [ T du (1)
0 (&

for 0 < ¢ < 1, where d~,(t) is a discrete measure with positive masses —In ¢ at the
positive points —kIn g for £ € N, more accurately,

—Ing Y 6(t+klng), 0<qg<l,
k=1

Yalt) = (L6)

tu q = 1.
See [19, p. 311].
The g-gamma function I'y(2) has the following basic properties:

lim Ty(z) = lim Ty(z) =T(z) and Ty(x) = q(zgl)l"l/q(x). (1.7)

q—1t q—1—

1.2. The definition and properties of completely monotonic functions. A
function f is said to be completely monotonic on an interval I if f has derivatives
of all orders on I and (—1)"f(™(z) >0 for € T and n > 0.

The class of completely monotonic functions has the following basic properties.

Theorem 1.1 ([69, p. 161]). A necessary and sufficient condition that f(x) should
be completely monotonic for 0 < x < oo is that

F@) = /OOO e~ dat), (1.8)

where «(t) is nondecreasing and the integral converges for 0 < x < co.
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Theorem 1.2 ([8, p. 83]). If f(x) is completely monotonic on I, g(x) € I, and
g'(x) is completely monotonic on (0,00), then f(g(z)) is completely monotonic on

(0, 00).

1.3. The logarithmically completely monotonic functions. A positive and
k-times differentiable function f(x) is said to be k-log-convex (or k-log-concave,
respectively) with k& > 2 on an interval I if and only if [In f(2)]*®) exists and
[In f(z)]*) >0 (or [In f(z)]*) <0, respectively) on I.

A positive function f(z) is said to be logarithmically completely monotonic on
an interval I C R if it has derivatives of all orders on I and its logarithm In f(x)
satisfies (—1)*[In f(2)]®® > 0 for k € N on I.

The notion “logarithmically completely monotonic function” was first put for-
ward in [5] without an explicit definition. This terminology was explicitly recovered
in [50] whose revised and expanded version was formally published as [55].

It has been proved once and again in [7, 38, 39, 46, 48, 50, 55, 62] that a logarith-
mically completely monotonic function on an interval I must also be completely
monotonic on I. C. Berg points out in [7] that these functions are the same as
those studied by Horn [17] under the name infinitely divisible completely mono-
tonic functions. For more information, please refer to [7, 58] and related references
therein.

1.4. Outline of this paper. The history of bounding the ratio of two gamma
functions has been longer than sixty years since the paper [68] by J. G. Wendel was
published in 1948.

The motivations of bounding the ratio of two gamma functions are various,
including establishment of asymptotic relation, refinements of Wallis’ formula, ap-
proximation to m, needs in statistics and other mathematical sciences.

In this expository and survey paper, along one of main lines of bounding the
ratio of two gamma functions, we look back and analyse some inequalities such as
Wendel’s double inequality, Kazarinoff’s refinement of Wallis’ formula, Watson’s
monotonicity, Gautschi’s double inequality, and Kershaw’s first double inequality,
the complete monotonicity of several functions involving ratios of two gamma or
g-gamma functions by Bustoz, Ismail, Lorch and Muldoon, and necessary and suffi-
cient conditions for functions involving ratios of two gamma or ¢g-gamma functions
to be logarithmically completely monotonic.

2. SOME INEQUALITIES FOR BOUNDING THE RATIO OF TWO GAMMA FUNCTIONS

In this section, we look back and analyse some related inequalities for bounding
the ratio of two gamma functions.

2.1. Wendel’s double inequality. Our starting point is a paper published in
1948 by J. G. Wendel, which is the earliest one we can search out to the best of our
ability.

In order to establish the classical asymptotic relation

lim 71—‘(:6 +9)
z—oo 8T (x)

=1 (2.1)

for real s and z, by using Holder’s inequality for integrals, J. G. Wendel [68] proved
elegantly the double inequality

( z )1_S§M§1 (2.2)

x+s T (z)

for0<s<1andz>0.
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Remark 2.1.1. The inequality (2.2) can be rewritten for 0 < s <1 and z > 0 as
\Tla+1) D+ 1)

ST <1< _—. 2.3
(@+5) T(z+s) — =7 I'(z+s) (2:3)
The relation (2.1) results in
. 4 T(z+1) . G T(x+1)
s—1 _ s—1 —
CEh_}rlgo(ac + ) Tt mh—>n<lo T T 1 (2.4)
which hints us that the functions
Tz +1) 1 (z+1)
s—1 s—1
— d _— 2.5
(x+3) [(z+s) ane v T(x+s) (25)

or

g] [g} 2.6

(x+3) L"(m—i—s) Iz + s)
are possibly increasing and decreasing respectively.

Remark 2.1.2. In [1, p. 257, 6.1.46], the following limit was listed: For real numbers

a and b,
. _D(xz+a)
b ai =
JE&P r@+m] L 27)

The limits (2.1) and (2.7) are equivalent to each other since

i—sL@+s)  T(ats) 2T (z)

Fz+t) 2T(z) T(z+t)
Hence, the limit (2.7) is presumedly called as Wendel’s limit.

Remark 2.1.3. Due to unknown reasons, Wendel’s paper [68] was seemingly ne-
glected by nearly all mathematicians for more than fifty years until it was mentioned
in [29], to the best of my knowledge.

2.2. Kazarinoff’s double inequality. Starting from
1 (2n — 1N 1
< < :
m(n+1/2) (2n)!! NZZD
one form of the celebrated formula of John Wallis, which had been quoted for more

than a century before 1950s by writers of textbooks, D. K. Kazarinoff proved in [20]
that the sequence 6(n) defined by

n €N, (2.8)

2n — N 1
(2n = DI _ (2.9)
(2n)Mt [ +0(n))
satisfies 1 < 6(n) < 3 for n € N, that is,
1 2n — ! 1
(2n—1) neN. (2.10)

ﬂ'(n+1/2)< (2n)! <\/ﬁ(n+1/4)’

Remark 2.2.1. Tt was said in [20] that it is unquestionable that inequalities similar
to (2.10) can be improved indefinitely but at a sacrifice of simplicity, which is why
the inequality (2.8) had survived so long.

Remark 2.2.2. Kazarinoff’s proof of (2.10) is based upon the property
I ¢(t)]” — {[In¢(1)]'}* > 0 (2.11)

of the function

TR VT D((t+1)/2)
o(t) = /0 sin' xdz = - (522 (2.12)
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for —1 < t < oo. The inequality (2.11) was proved by making use of the well-known
Legendre’s formula

el
Y(x) = —v —l—/ —dt (2.13)
for > 0 and estimating the integrals
1 t 1 t]
/ T _dr and / T 4z (2.14)
0 1 + X 0 1 + X

Since (2.11) is equivalent to the statement that the reciprocal of ¢(t) has an every-

where negative second derivative, therefore, for any positive t, ¢(t) is less than the

harmonic mean of ¢(t — 1) and ¢(¢ + 1), which implies
r'(t+1)/2) - 2 . 1
D(t+2)/2)  V2t+1 2

As a subcase of this result, the right-hand side inequality in (2.10) is established.

(2.15)

Remark 2.2.3. Replacing t by 2¢ in (2.15) and rearranging yield

T(t+1) [1 N2 T+ 1)

for ¢ > —%. From (2.1), it follows that
, IR V(S
Ilg{)lo (t + Z) ﬁ =1. (2.17)
This suggests that the function
(t—i— l>1/2_1M or (t—i— 1) [M] B (2.18)
4 I(t+1/2) 4)|T(t+1/2)
is perhaps decreasing, more strongly, logarithmically completely monotonic.

Remark 2.2.4. The inequality (2.11) may be rewritten as

t+1 (42 [ (t+1 t+2\1°
PR (2 LB Y L 2.1
(4 ( 5 () 5> _1/) 5 (0 5 (2.19)
for t > —1. Letting u = 5L in the above inequality yields

() — o' <u+ %) > }/}(u) - ¢(u + %)T (2.20)

for u > 0. This inequality has been generalized in [52] to the complete monotonicity
of a function involving divided differences of the digamma and trigamma functions
as follows.

Theorem 2.1. For real numbers s, t, « = min{s,t} and \, let

P+t —pz+9)]?, Wa+t) - (z+s)
Aga(z) = { t—s } A t—s st (2.21)
W (z+ )2+ M (z +s), s=t

on (—a,00). Then the function Ag.x(x) has the following complete monotonicity:
(1) ForO<|t—s| <1,
(a) the function A4\ (x) is completely monotonic on (—c, 00) if and only
FA<T,
(b) so is the function —Ag .\ (x) if and only if X >
(2) For|t—s|>1,

.
[t—sl”
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(a) the function A a(x) is completely monotonic on (—a, 00) if and only
RS s|7
(b) so is the function —Ag A (z) if and only if X > 1;
(3) For s = t, the function Ag o\(x) is completely monotonic on (—s,00) if
and only if A < 1;
(4) For |t —s| =1,
(a) the function A\ (z) is completely monotonic if and only if X < 1,
(b) so is the function —AgA(z) if and only if X > 1,
(¢) and Ag41(x) =0.
T'(z+s)
T(z+t)
(—t,00) is increasingly convex if s —¢ > 1 and increasingly concave if 0 < s —¢ < 1.

Taking A = s —t > 0 in Theorem 2.1 produces that the function on

2.3. Watson’s monotonicity. In 1959, motivated by the result in [20] mentioned
in Section 2.2, G. N. Watson [66] observed that

é[F(LU];P _2F1(—1,—1;117;1)

Lz +1/2 27 2
1 —1/2)-(1/2)-(3/2) - (r — 3/2)]”
=1 2.22
s +32xx+1 g rle(z+1)---(x+r—1) (222)
for z > —=, which implies the much general function
Fz+1) 1°
0z) = | =———| — 2.23
=] 22
for # > —1, whose special case is the sequence f(n) for n € N defined in (2.9), is
decreasing and
. 1 . 1
wli)ngo O(x) = 1 and x%(llql/2)+ O(x) = 7 (2.24)
This implies apparently the sharp inequalities
1 1
- <40 - 2.2
3 <0@) <3 (2.25)

1
for z > —3,

x+3<M \/+1+[F(3/4)]2=\/x+0.36423--- (2.26)

1 T+1/2) — 17| T(/4)
for © > — 7, and, by Wallis cosine formula [67],
1 (2n — 1) 1

< , neN. 2.27
mn+4/7—1)  (2n)! m(n+1/4) (2:27)
Remark 2.3.1. In [66], an alternative proof of the double inequality (2.25) was also
provided.

Remark 2.3.2. Tt is easy to see that the inequality (2.26) extends and improves (2.2)

when s = %

Remark 2.3.3. The left-hand side inequality in (2.27) is better than the correspond-
ing one in (2.10).

Remark 2.3.4. The formula (2.22) implies the complete monotonicity of the function
0(x) on (—4,00) defined by (2.23).
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2.4. Gautschi’s double inequalities. The first result of the paper [13] was the
double inequality

p 1 9)\l/p _ oo 1\ /P
M < exp e*tp dt S c IZD + — —x (228)
2 P c
x P
for x > 0 and p > 1, where

%:[r0+i)r”V” (2.29)

p

or ¢, = 1. By an easy transformation, the inequality (2.28) was written in terms of
the complementary gamma function

I(a,z) = / ettt de (2.30)
as .
N/p _ pl/p 1 1 p
plle+2) cad <exF<—,:17> Spcp[(x—l——) —xl/p} (2.31)
2 D Cp
for x > 0 and p > 1. In particular, if letting p — oo, the double inequality
1 2 1
3 1n<1 + E) <e*Fi(x) < 1n<1 + E) (2.32)

for the exponential integral Fy(x) = I'(0,z) for x > 0 was derived from (2.31), in
which the bounds exhibit the logarithmic singularity of F4(z) at = 0. As a direct
consequence of the inequality (2.31) for p = %, z = 0 and ¢, = 1, the following
simple inequality for the gamma function was deduced:

2571 <T(1+s)<1, 0<s<1. (2.33)

The second result of the paper [13] was a sharper and more general inequality

_ T(n+s) _
(S 1)’111(71"1‘1) < < s—1 234
‘ STm+1) = (2:34)
for 0 < s <1 and n € N than (2.33). It was obtained by proving that the function
1 r
£(s) I L+ 5) (2.35)

T1-s T(n+l
is monotonically decreasing for 0 < s < 1. Since ¥(n) < Inn, it was derived from
the inequality (2.34) that

1—s 1—s
1 I'(n+s) 1
< —2L < | = < s < .
(n—l—l) _F(n—i-l)_(n) » Osss (2.36)
which was also rewritten as
nl(n+1)5~t (n—1)In®
<T(1+s) < . (2.37
(s+1)(s+2)---(s+n—1) — ( S)_(s+1)(s+2)---(s+n—1) (237)

and so a simple proof of Euler’s product formula in the segment 0 < s < 1 was
shown by letting n — oo in (2.37).

Remark 2.4.1. For more information on refining the inequality (2.28), please refer
to [23, 61, 63] and related references therein.

Remark 2.4.2. The double inequalities (2.34) and (2.36) can be rearranged as
nlfs < I‘(TL + 1)

< oy < ew(( - )+ 1) (238)
and
1-s F(TL+ 1) 1-s
WS Ty S D (2.39)
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for n € N and 0 < s < 1. Furthermore, the inequality (2.39) can be rewritten as
T+ s) D(n+s)

' T'(n+s) 1/(=s) T(n+s) /(=)
”[m] sizln+l) [m} (241)

This supply us some possible clues to see that the sequences at the very ends of the
inequalities (2.40) and (2.41) are monotonic.

Remark 2.4.3. The left-hand side inequality in (2.2) and the upper bound in (2.38)
have the following relationship
(n+45)'7% <exp((1 —8)(n+1)) (2.42)
1

for 0 < s < 5 and n € N, and the inequality (2.42) reverses for s > el=7 -1 =

0.52620 - - -, since the function

Qx) = et g (2.43)
was proved in [54, Theorem 2] to be strictly decreasing on (—1,00) and
. 1
mll)rgo Qz) = 7" (2.44)

This means that Wendel’s double inequality (2.2) and Gautschi’s first double in-
equality (2.38) are not included each other, but they all contain Gautschi’s second
double inequality (2.39).

Remark 2.4.4. In the reviews on the paper [13] by the Mathematical Reviews and
the Zentralblatt MATH, there is no a word to comment on inequalities in (2.38)
and (2.39). However, these two double inequalities later became a major source of
a large amount of study on bounding the ratio of two gamma functions.

2.5. Kershaw’s first double inequality. Inspired by the inequality (2.36), among
other things, D. Kershaw presented in [21] the following double inequality

(:v + %)1_8 < % < [w - % + (s + 2)1/2} - (2.45)

for 0 < s < 1 and = > 0. In the literature, it is called as Kershaw’s first double
inequality for the ratio of two gamma functions.

Remark 2.5.1. Tt is easy to see that the inequality (2.45) refines and extends the
inequality (2.2) and (2.39).

Remark 2.5.2. The inequality (2.45) may be rearranged as
o1 N1 D@+ 1) s\*'T(z+1)

_ = - 2 | Sl I S 2.46
_I 2+<S+4> | 1"(:10+s)< <<x+2) Iz +s) (2.46)
for x > 0 and 0 < s < 1. By virtue of (2.1) or (2.7), it is easy to see that

r 1/279s—1 s—1
. 1 1 I'(z+1) . s I'(z+1)
1 - = — — =1 - — =1. (247
R (S+4) | T@+s) mirﬁo($+2) T(z+s) (2.47)

This insinuates the monotonicity, more strongly, the logarithmically complete mono-
tonicity, of the functions

[:v - % + (s + i) 1/2} S_l% and (:v + %)S_l% (2.48)
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3. SOME COMPLETELY MONOTONIC FUNCTIONS INVOLVING RATIOS OF TWO
GAMMA OR ¢-GAMMA FUNCTIONS

In this section, we look back and analyse several complete monotonicity of func-
tions involving ratios of two gamma or g-gamma functions.

3.1. Ismail-Lorch-Muldoon’s monotonicity results. Motivated by work on
inequalities for the ratio of two gamma functions in [21, 22, 26] and [70, p. 155],
M. E. H. Ismail, L. Lorch and M. E. Muldoon pointed out at the beginning of [18]
that simple monotonicity of the ratio of two gamma functions are useful.

In [31, pp. 118-119], the asymptotic formula

_JL(z+a) (a—b)la+b—1)
b—a
— = ~1 3.1
I'(z+10) * 2z * (3-1)
as z — oo along any curve joining z = 0 and z = oo is listed, where z # —a, —a —
1,... and z # —b,—b—1,.... Suggested by it, the following complete monotonicity
was proved in [18, Theorem 2.4]: Let a >b>0,a+b > 1 and
Tz +0)
h(z) =In|2" 70—~ 1. 3.2
(0) = tafa 0 L (3.2
Then both A'(z) and
_JL(z+a)
b—a
iatl 3.3
I'(z+0b) (3:3)

are completely monotonic on (0,00); The results fail when a + b < 1 replaces
a+ b > 1 in the hypotheses.

Meanwhile, the following g-analogue of [18, Theorem 2.4] was also provided
in [18, Theorem 2.5]: Let a >b>0,a+b>1,¢>0, ¢ # 1 and

_pTg(z+ D)
hg(z) =In||l — ¢"|* P L—— 1. 3.4
q(x) n | q | Fq (I + CL) ( )
Then hy(z) is completely monotonic on (0, 00); So is the function
Lz +a)
1— gt 3.5
1—q"| T,50) (3.5)

The result fails if a +b < 1.

Remark 3.1.1. The proof of [18, Theorem 2.4] can be outlined as follows: Using the
integral representation

oo —t _ ,—tz
m@:—7+A S (3.6)

for Rez > 0 yields
, oS} efat o efbt ot

It was established in [18, Lemma 4.1] that if 0 < b < a, a+b > 1 and b*+(a—1)? # 0,

then ,
WY ca—b, O<w<l; (3.8)

1—w

The result fails if the condition a4+ b > 1 is replaced by a+b < 1. Combining (3.7)

and (3.8) with Theorem 1.2 results in [18, Theorem 2.4].
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The proof of [18, Theorem 2.5] was finished by using the formula (1.4), the
inequality (3.8), Theorem 1.1 and Theorem 1.2.

Remark 3.1.2. Tt is noted that [18, Theorem 2.4 and Theorem 2.5] mentioned above
can be restated using the terminology “logarithmically completely monotonic func-
tion” as follows: The functions defined by (3.3) and (3.5) are logarithmically com-
pletely monotonic on (0,00) if and only if a +b > 1 for a > b > 0, ¢ > 0 and

q#1.

3.2. Bustoz-Ismail’s monotonicity results. In [9], it was noticed that inequali-

ties like (2.25) are “immediate consequences of the complete monotonicity of certain

functions. Indeed, one should investigate monotonicity properties of functions in-

volving quotients of gamma functions and as a by-product derive inequalities of the

aforementioned type. This approach is simpler and yields more general results.”
In [9], it was revealed that

(1) [9, Theorem 1]: the function

1 T(z+1) 1
T Tari/y x> max{—g,—c} (3.9)

is completely monotonic on (—¢,00) if ¢ <

1. so is the reciprocal of (3.9)
on [—%,oo) if ¢ > %;

(2) [9, Theorem 3]: the function

a—b F(I + b)
Iz +a)

for 1 > b—a > 0 is completely monotonic on the interval (max{—a, —c}, c0)

if ¢ < @=L 50 is the reciprocal of (3.10) on (max{—a, —c},0) if ¢ > a;

(3) [9, Theorem 7]: the function
D(z+1) s\
) s 3.11
r(x+s)<“2) (3.11)
for 0 < s < 1 is completely monotonic on (0,00); when 0 < s < 1, it
satisfies (—1)"f(™(z) > 0 for = > 0;
(4) [9, Theorem 8]: the function

1 1 1751"(:10—}—5)
(1—5—1—1/8—%1) Tt 1) (3.12)

for 0 < s < 1 is strictly decreasing on (0, 00).

(x +¢) (3.10)

Remark 3.2.1. A special case of Theorem 1.2 says that the function exp(—h(x)) is
completely monotonic on an interval T if A'(x) is completely monotonic on I. This
was iterated as [9, Lemma 2.1].

In [12, p. 15 and p. 20], the following integral representation was listed: For

Rez >0,
1 =z z o et
e - =2 dt. 1
o(33) () =2 31

The formula (3.13) and [9, Lemma 2.1] are basic tools of the proof of [9, Theorem 1].

Remark 3.2.2. The basic tools of the proof of [9, Theorem 3] include [9, Lemma 2.1]
mentioned in Remark 3.2.1, the formula (3.6), and the non-negativeness of the
function

(b—a)t

t
w(t) = 2(b — a) sinh 3~ 2sinh
for b > a and t > 0 and the function
(a—b)(1 —et) 4 elet — gleb)t (3.15)

(3.14)
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forb>a,c>aandt>0.

Remark 3.2.3. The proof of the complete monotonicity of the function (3.11) in [9,
Theorem 7] relies on the series representation

¢($)__7_§+7;(%_xin) (3.16)
in [12, p. 15], the positivity of the function
(1 — s)sinh ¢ — sinh[(1 — s)t] (3.17)
on (0,00) for 0 < s < 1, and the above Theorem 1.2 applied to f(z) = e~ %, as
mentioned in Remark 3.2.1.

The proof of the decreasing monotonicity of the function (3.12) just used the
formula (3.16) and the conclusion stated in Remark 3.2.1.

Remark 3.2.4. In fact, under corresponding assumptions, the functions (3.9), (3.10),
(3.11) and their reciprocals had been proved in [9] to be logarithmically completely
monotonic.

3.3. Ismail-Muldoon’s monotonicity results. It was claimed in [19, p. 310]
that “Many inequalities for special functions follow from monotonicity proper-
ties. Often such inequalities are special cases of the complete monotonicity of
related special functions. For example, an inequality of the form f(x) > g(z) for
x € [a,00) with equality if and only if z = a may be a disguised form of the com-

plete monotonicity of ?Eﬁgi;; where ¢(z) is a nondecreasing function on (a, 00) and
g(e(@) _ q»
f(e(a)) )

Among other things, suggested by [9, Theorem 3] mentioned in the above section,
the following complete monotonicity was presented in [19, Theorem 2.5]: Let a <

b<a+1and \
1L =g T\ Ty(z +b)
g(x) = ( - ) T, (zta) (3.18)
Then —[In g(z)]’ is completely monotonic on (—¢,00) if 0 < ¢ < #2=L and [In g(z)]’
is completely monotonic on (—a, 00) if ¢ > a > 0; Neither is completely monotonic
for %b_l <c<a.
As a supplement of [19, Theorem 2.5], it was proved separately in [19, Theo-
rem 2.6] that the first derivative of the function

1n[<11_—q;)arq1;§:(i)a)]’ 0<g<1 (3.19)

is completely monotonic on (0, 00) for a > 1.

Remark 3.3.1. The proof of [19, Theorem 2.5] depends on deriving

4 gl = — /O et {ﬂ b a)eCt] dy(t)  (3.20)

dz 1—et
and [19, Lemma 1.2]: Let 0 < o < 1. Then
inh(at
qeto-ne < Smhlat) (3.21)
sinh ¢

The inequalities become equalities when o = 1 and they are reversed when o > 1.
The proof of [19, Theorem 2.6] is similar to that of [19, Theorem 2.5].

Remark 3.3.2. Tt is clear that that Theorem 2.5 and Theorem 2.6 in [19] mentioned
above can be rewritten using the phrase “logarithmically completely monotonic
function”.
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Remark 3.3.3. From [19, Theorem 2.5], the following inequality was derived in [19,
Theorem 3.3]: For 0 < ¢ < 1, the inequality

Dy(a + 1) <1 - qw+s/2>“
Lo(z +s) l—gq
holds for 0 < s < 1 and 2 > —3. In [3], it was pointed out that the inequality

Iy(zx+1) 1—qg~ts 1=s
e (1_q> ., se(0,1) (3.23)

is also valid for > —s. As refinements of (3.22) and (3.23), the following double
inequality was presented in [3, Theorem 3.1]: For real numbers 0 < ¢ # 1 and
s € (0,1), the double inequality

(3.22)

1—gote@) '™ T (z+1) 1 — g=tBas)]l=s
B E— 0 3.24
{ 1—gq <1"q(x+s) 1—gq e (3.24)
holds with the best possible values
In[(q® — 1—35)(1-
e —a/A=s)0 -9 g<1
a(g,8) =1 Ing (3.25)
55 q> 1
and { P )}
In{1 — (1 —q)[Ty(s)]"/!
= ) 3.26
B(q,s) Ing (3.26)
As a direct consequence, it was derived in [3, Corollary 3.2] that the inequality
s _Tx+1) -
s 2 2 < b(s)]' 3.27
o+ a(@)]! ™ < iy < [+ )] (327)

holds for s € (0,1) and # > 0 with the best possible values a(s) = 5 and b(s) =
[D(s)]1/ 0.

The inequality (3.27) was ever claimed in [24, p. 248] with a wrong proof. It was
also generalized and extended in [11, Theorem 3].

4. SOME LOGARITHMICALLY COMPLETELY MONOTONIC FUNCTIONS INVOLVING
RATIOS OF TWO GAMMA OR ¢-GAMMA FUNCTIONS

In this section, we look back and analyse necessary and sufficient conditions for
functions involving ratios of two gamma or g-gamma functions to be logarithmically
completely monotonic.

4.1. Some properties of a function involving exponential functions. For
real numbers « and § with a # 8 and («, 8) € {(0,1),(1,0)}, let

e—at _ e—Bt

Gopt)={ T > 170 (4.1)
8- a, t=0.

As seen in Section 3, it is easy to have an idea that the function g g(t) or its
variations play indispensable roles in the proofs of [9, Theorem 3], [9, Theorem 7],
[18, Theorem 2.4], [18, Theorem 2.5], [19, Theorem 2.5] and [19, Theorem 2.6].

In order to bound ratios of two gamma or g-gamma functions, necessary and
sufficient conditions for ¢u g(t) to be either monotonic or logarithmically convex
have been investigated in [16, 40, 44, 49, 59, 60].

Proposition 4.1 ([16]). Let t, « and 8 with « # B and (o, B) & {(0,1),(1,0)} be
real numbers. Then
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(1) the function qq g(t) increases on (0,00) if and only if (B—a)(l1—a—p8) >0
and (8 — o)(la = B| —a— ) 2 0;

(2) the function qqa.5(t) decreases on (0,00) if and only if (F—a)(1—a—pF) <0
and (8 — o)(la = | —a = §) <0;

(3) the function qq,p(t) increases on (—o0,0) if and only if (B—a)(1—a—5) >0
and (8 —a)2—|a—fl—a—=p5)20

(4) the function qa p(t) decreases on (—o0,0) if and only if (B—a)(1—a—5) <0
and (8 — )2 — o= f| —a =) <0;

(5) the function qq.p(t) increases on (—oo,00) if and only if (8 — a)(Ja — B| —
a—p)>0and (B—a)2—|la—p—a—-p5)>0;

(6) the function qa,p(t) decreases on (—oo,00) if and only if (8 — «)(la — B —
a—p)<0and (f—a)2—|la—p—a—-p8)<0.

Proposition 4.2 ([16], [59, Lemma 1] and [60, Lemma 1]). The function g, g(t)
on (—o0,00) is logarithmically convex if B — « > 1 and logarithmically concave if
0<pB—a<l.

Proposition 4.3 ([44, Theorem 1.1)). If1 > S—a > 0, then qu,p(u) is 3-log-convex
on (0,00) and 3-log-concave on (—o00,0); If f—a > 1, then qq.5(u) is 3-log-concave
on (0,00) and 3-log-convex on (—o0,0).

Proposition 4.4 ([49, Lemma 3]). Let A € R. If 8 — « > 1, then the function
da,3(t)qa,3(A—1t) is increasing on (%, oo) and decreasing on (—oo, %), if0 < f—a <
A

5 oo) and increasing on (—oo )‘).

1, it is decreasing on ( 5

Remark 4.1.1. By noticing that the function g, 5(t) can be rewritten as
_ sinh[(8 — a)t/2] (1—a-pB)t
sl = —amup) - P o
it is easy to see that the inequality (3.8), the non-negativeness of the functions (3.14)
and (3.15), the positivity of the function (3.17) and the inequality (3.21) are at

all special cases of the monotonicity of the function g, g(t) on (0,00) stated in
Proposition 4.1.

(4.2)

4.2. Necessary and sufficient conditions related to the ratio of two gamma
functions. In this section, we survey necessary and sufficient conditions for some
functions involving the ratio of two gamma functions to be logarithmically com-
pletely monotonic.

4.2.1. The logarithmically complete monotonicity of the function
ha(z) = (x4 a)' T(x + a) _ (r+a)' T (z +a)
al'(x) Iz +1)
for x > 0 and a > 0, the reciprocal of the first function in (2.5) discussed in
Remark 2.1.1, were considered in [45, 64].

(4.3)

Theorem 4.1 ([45] and [64, Theorem 1.2]). The function hq(x) has the following
properties:
(1) The function he(z) is logarithmically completely monotonic on (0,00) if
O0<a<ly
(2) The function [he(z)]™t is logarithmically completely monotonic on (0,00)
ifa>1;
(3) For any a >0,

lim hy(z) = —% and lim hy(z) = 1. (4.4)
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In order to obtain a refined upper bound in (2.2), the logarithmically complete
monotonicity of the function
Iz +a)
falz) = 2T (2)

for z € (0,00) and a € (0,00), the middle term in (2.2) or the reciprocal of the
second function in (2.5), were considered in [45] and [64, Theorem 1.3].

Theorem 4.2 ([45] and [64, Theorem 1.3]). The function f,(x) has the following
properties:

(4.5)

(1) The function f.(x) is logarithmically completely monotonic on (0,00) and
lim, 04 fo(2) =00 if a > 1;

(2) The function [fo(x)]~1 is logarithmically completely monotonic on (0,00)
and lim, 04 fo(x) =040 <a<1;

(3) limg—oo fa(z) =1 for any a € (0,00).

As a straightforward consequence of combining Theorem 4.1 and Theorem 4.2,
the following refinement of the upper bound in the inequality (2.2) is established.

Theorem 4.3 ([45] and [64, Theorem 1.4]). Let 2 € (0,00). If 0 < a < 1, then

(75) "<he

M< I )1_a§1, 0<z< P

< a® r+a ~1-p(a)’ (4.6)
1 L(a) <z <00
’ 1—p(a) ’
where
o M0
plz) = [F Tt 1)] BEESS (4.7)
e 7, rz=1

If a > 1, the reversed inequality of (4.6) holds.

Remark 4.2.1. The logarithmically complete monotonicity of the function (4.7) and
its generalized form were researched in [45], [64, Theorem 1.5], [42, Theorem 1.4]
and [43, Theorem 1.4] respectively.

4.2.2. 1In [25, Theorem 1], the following logarithmically complete monotonicity
were established: The functions

TPz +1t) s+t—1\""" 4 T(x+s)

Y crr - nd "%

I'(z+s) 2 Iz +1)
for 0 < s <t < s+ 1 are logarithmically completely monotonic with respect to x
on (—s,00).

(x+s)° (4.8)

Remark 4.2.2. We can not understand why the authors of the paper [25] chose
so special functions in (4.8). More accurately, we have no idea why the constants
#t=1 and s were chosen in the polynomial factors of the functions listed in (4.8).
Perhaps this can be interpreted by Theorem 4.5 and Theorem 4.6 below.

4.2.3. For real numbers a, b and ¢, denote p = min{a, b, ¢} and let

b—a F(.’IJ + a’)

Hepe(z) = (2 +¢) T@+h)

for x € (—p, 00).
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By a recourse to the incomplete monotonicity of the function ¢, g(f) obtained
in [40], the following incomplete but correct conclusions about the logarithmically
complete monotonicity of the function H, p..(z) were procured in [32, 33].

Theorem 4.4 ([32, Theorem 1] and [33, Theorem 1]). Let a, b and ¢ be real numbers
and p = min{a, b, c}. Then

(1) the function Hgyp.c(x) is logarithmically completely monotonic on (—p,00)

if
1 1
(a,b;c) € {(a,b;c):a—i—bz l,e<b<c+ 5}U{(a,b;c):a>b20+ 5}

U{(a,b;¢):2a+1<a+b<l,a<ctU{(a,b;e):b—1<a<b<c}
\{(abie)a=ct1,b=c},
(2) so is the function [Hg p.e(x)] 71 if

1 1
(a,b;c) € {(a,b;c):a+b21,c§a<c+ §}U{(a,b;0):b>a20+ 5}

U{(a,b;c):b<a<ctU{(a,b;c):b+1<a,c<a<c+1}
U{(a,b;c):b+c+1<a+b<1}
\{(a,b;¢):a=c+1,b=c}\{(a,b;¢) :b=c+1,a=c}.

4.2.4. 1In [36, Theorem 1], [35, Theorem 1] and [41, Theorem 2], the function

Y(E+t)—dle+s) 2z+s+i+1 sS4t
t— 2 t)’
5ual(z) = s (z+s)(z+1t) (4.10)

'(x+s)— L~ ! s=t

r+s 2z +s)?

for [t—s| < 1 and —d, ¢(z) for [t—s| > 1 were proved to be completely monotonic on
the interval (— min{s, ¢}, c0). By employing the formula (3.6), the monotonicity of
da,3(t) on (0,00) and the complete monotonicity of d5 (), necessary and sufficient
conditions are presented for the function H, ..(z) to be logarithmically completely

monotonic on (—p, 00) as follows.

Theorem 4.5 ([56, 57]). Let a, b and ¢ be real numbers and p = min{a, b, c}. Then

(1) the function Hgp.c(x) is logarithmically completely monotonic on (—p, o)

if and only if
(a,b;¢) € D1(a,b;c) £ {(a,b;¢) : (b—a)(l —a—b+2c) >0}
N{(a,b;¢): (b—a)(Ja—bl—a—b+2c) >0}

(4.11)
\{(a,b;¢):a=c+1=0b+1}
\{(a,b;¢):b=c+1=a+1};
(2) so is the function Hpq.c(x) on (—p,o0) if and only if
(a,b;¢) € Do(a,b;c) £ {(a,b;c) : (b—a)(l —a—b+2c) <0}
N{(a,b;c): (b—a)(la—bl —a—b+2c) <0} (4.12)

\{(a,b;¢):b=c+1=a+1}
\{(a,b;¢):a=c+1=0b+1}.
Remark 4.2.3. The limit (2.1) implies that limy, oo Hqpe(z) = 1 is valid for all

defined numbers a,b,c. Combining this with the logarithmically complete mono-
tonicity of Hy p.e(x) yields that the inequality

Hgpe(z) > 1 (4.13)
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holds if (a,b;¢) € Di(a,b;c) and reverses if (a,b;c) € Da(a,b;c), that is, the in-
equality

I'(z + a) 1/(a—b)
I(x+b) }
holds for € (—a,00) if A < min{a,%b_l} and p > max{a, “+g_1}, which is
equivalent to

_ 1/(a=b) _
Inin{a,a_Hz7 1} < [?EZ;] <H13,X{a,,%b1}7 b>a>0. (4.15)

It is noted that a special case 0 < a < b < 1 of the inequality (4.14) was derived
in [10] from Elezovi¢-Giordano-Pecari¢’s theorem (see [11, 49, 59, 60]). Moreover,
by available of the inequality (2.2) and others, the double inequalities

x+a b T(z+0b)
— b < ——=
x—i—b(x_'— ) “T(x+a)

x+/\<[ <z+p b>a (4.14)

<(z+a)b? >0 (4.16)
and
T(z+0b)]"/¢ .
Y b)e /2t g > 4.17
F(a:—l—a)} < (z+b)e = (4.17)
were proved in [65] to be valid for 0 < a < b < 1.

Maybe two references [6, 30] are also useful and worth being mentioned.

(z + a)e 7/ #Ha) < [

Remark 4.2.4. Since the complete monotonicity of the function (4.10) was not
established and the main result in [40] about the monotonicity of the function
da,5(t) is incomplete at that time, necessary conditions for the function (4.9) to be
logarithmically completely monotonic was not discovered in [32, Theorem 1] and [33,
Theorem 1] and the sufficient conditions in [32, Theorem 1] and [33, Theorem 1]
are imperfect.

Remark 4.2.5. Tt is not difficult to see that all (complete) monotonicity on functions
involving the ratio of two gamma functions, showed by Bustoz-Ismail in [9] and
Ismail-Lorch-Muldoon in [18] and related results in [32, 33, 45, 64], are special
cases of the above Theorem 4.5.

4.2.5. From the above Theorem 4.5, the following double inequalities for divided
differences of the psi and polygamma functions may be deduced immediately.

Theorem 4.6 ([56]). Let b > a >0 and k € N. Then the double inequality
(k _ 1)! . (_l)k—l [1/)(’“*1)(33 +b) — 1/)(]“*1)(:17 + a)] B (k—1)!

(x4 a)F b—a (z+ )k (4.18)
for x € (—p,00) holds if a > max{a, %b_l} and 0 < B < min{a, %b_l}
Remark 4.2.6. Tt is amazing that taking b —a = 1 in (4.18) leads to
—1)!
E D@+ a+1)—p* V(@4 a) = (=1)F! ((:+ i))k (4.19)
for a > 0, x > 0 and k£ € N, which is equivalent to the recurrence formula
P (z4+1) =™ (2) = (=1)"nlz7"" 2>0, n>0 (4.20)

listed in [1, p. 260, 6.4.6]. For detailed information, see [15, 34] and [16, Remark 8§].

Remark 4.2.7. For more information on results of divided differences for the psi
and polygamma functions, please refer to [35, 36, 37, 51, 41, 47, 52, 53] and related
references therein.

Remark 4.2.8. Tt is worthwhile to note that some errors and defects appeared
in [32, 33] have been corrected and consummated in [56, 57].
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4.3. Necessary and sufficient conditions related to the ratio of two ¢-
gamma functions. The known results obtained by many mathematicians show
that most of properties of the ratio of two gamma functions may be replanted to
cases of the ratio of two g-gamma functions, as done in [18, Theorem 2.5] and [19,
Theorem 2.5 and Theorem 2.6] mentioned above.

Let a,b and ¢ be real numbers, p = min{a, b, c}, and define

1—gvte\* 1 (x+)
Hyope(x) = 1 4.21

for x € (—p, ), where I'y(x) is the ¢-gamma function defined by (1.2) and (1.3).
It is clear that the function (4.21) is a g-analogue of the function (4.9).
In virtue of the monotonicity of ¢n g(t) on (0,00) and the formula (1.5), the
following Theorem 4.7, a g-analogue of Theorem 4.5, was procured.

Theorem 4.7 ([16]). Let a, b and ¢ be real numbers and p = min{a,b,c}. Then
the function Hy.qp:c(x) is logarithmically completely monotonic on (—p,00) if and
only if (a,b;c) € Da(a,b;c), so is the function Hyyp a:c(x) if and only if (a,b;c) €
D1 (a,b;c), where Dy(a,b;c) and Ds(a,b;c) are defined by (4.11) and (4.12) respec-
tively.

Remark 4.3.1. All complete monotonicity obtained in [18, Theorem 2.5] and [19,
Theorem 2.5 and Theorem 2.6] are special cases of Theorem 4.7.

Similar to Theorem 4.6, the following double inequality of divided differences of
the ¢-psi function 9,(z) for 0 < ¢ < 1 may be derived from Theorem 4.7.

Theorem 4.8 ([16]). Letb>a >0, k€N and 0 < ¢ < 1. Then the inequality

P [ V(@ +b) — oV (@ + a)]
b—a

< (=) Mn(l - ¢t ® (4.22)

for z € (—p,00) holds if 0 < ¢ < min{a, &=L} and reverses if ¢ > max{a, 2211},
Consequently, the identity

YD (1) — 9 (@) = i1 - )] (1.23)
holds for x € (0,00) and k € N.

Remark 4.3.2. Since identities (4.20) and (4.23) may be derived from inequali-
ties (4.18) and (4.22), we can regard inequalities (4.18) and (4.22) as generalizations
of identities (4.20) and (4.23).

5. LOGARITHMICALLY COMPLETE MONOTONICITY FOR RATIOS OF PRODUCTS OF
THE GAMMA AND ¢-GAMMA FUNCTIONS

In this section, we would like to look back and analyse some (logarithmically)

complete monotonicity of ratios of products of the gamma and g-gamma functions.
Let a; and b; for 1 < i < n be real numbers and p, = mini<;<,{a;,b;}. For
€ (—pn, 00), define

(5.1)

abn

where a and b denote (ay,as, ..., a,) and (bl,bg, ..., by) respectively.
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5.1. Complete monotonicity. In [9, Theorem 6], by virtue of the formula (3.6)
and a special case of Theorem 1.2 mentioned in Remark 3.2.1 above, the function

I'(z)I'(x+a+0)

[(z+a)l(x+0)
for a,b > 0, a special cases of hg p.pn(x) for n = 2, was proved to be completely
monotonic on (0, 00).

In [2, Theorem 10], the function hq p;n(z) was proved to be completely mono-
tonic on (0,00) provided that 0 < a1 < -+ < a,, 0 < b < .-+ < b, and
Zle a; < Zle b; for 1 < k < n. Tts proof used the formula (3.6), a special
case of Theorem 1.2 applied to f(x) = e~ *, and the following conclusion cited from
[28, p. 10]: Let a; and b; for i = 1,...,n be real numbers such that a; < -+ < ay,
by < -+ < by, and Y5 a; < ¥ by for k = 1,...,n. If the function f is
decreasing and convex on R, then

(5.2)

D) <D flan). (5.3)
i=1 i=1
In [19, Theorem 4.1], the functions

_d In Loz +a)ly(z +az) - Ty(z + an)
dx [[(x + a)]

and
A, Ty(@+a)ly(z+as)Ty(r+an)
de  [[y(x)]" 'Te(z+ar +as+--+ay)
were proved to be completely monotonic on (0,00), where aq,...,a, are positive
numbers, na =ay + -+ an, and 0 < ¢ < 1.
In [27], the function

(5.5)

[C(@)]" ' (z + 357 ai)
H?:l Iz + a;)
for a; >0 and i =1,...,n was found to be decreasing on (0, c0).

Motivated by the decreasing monotonic property of the function (5.6), H. Alzer
proved in [2, Theorem 11] that the function

[C(@)]°T (2 + 30, ai)
H?:l I(z + a;)
is completely monotonic on (0, c0) if and only if « =n — 1.

i

(5.6)

(5.7)

Remark 5.1.1. It is clear that the decreasingly monotonic property of the func-
tion (5.6) is just the special case ¢ — 17 of the complete monotonicity of the
function (5.5). Therefore, it seems that the authors of the papers [2, 27] were not
aware of the results in [19, Theorem 4.1].

Remark 5.1.2. The complete monotonicity mentioned just now are indeed logarith-
mically completely monotonic ones.

5.2. Logarithmically complete monotonicity. Let S, be the symmetric group
over n symbols, ay,as,...,a,. Let O, and E, be the sets of odd and even permu-
tations over n symbols, respectively. For a; > as > -+ > a, > 0, define

[loem, D(@ + ao@) +2a53) + -+ (n = L)ag(m))
[Toco, D(@ + ao@) +2a5(3) + -+ (n = L)ag))

It was proved in [14, Theorem 1.1] that the function F'(z—as—2as—---—(n—1)ay)
is logarithmically completely monotonic on (0, co).

F(z) = (5.8)
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n [14, Theorem 1.2], it was presented that the functions
n/2
. F(.’L’) Ec:/:[] [HmGPn,Qk (‘T + Z] 1 am]):|
- n+1)/2 2k—1
ch(:l /2 |:Hm€Pn,2k71 F(‘T + Zj:l amj)}

for any ar > 0 and k € N are logarithmically completely monotonic on (0, c0)
and that any product of functions of the type (5.9) with different parameters ay, is
logarithmically completely monotonic on (0, 00) as well, where P, j, for 1 <k <mn
is the set of all vectors m = (myq, ..., my) whose components are natural numbers
such that 1 <m, <m, <nfor1 <v < p<kand P, is the empty set.

(5.9)

Remark 5.2.1. The above Theorem 1.2 is more general than Theorem 1.1. The case
n = 2 in Theorem 1.2 corresponds to the complete monotonicity of the function (5.2)
obtained in [9, Theorem 6].

In [14, Theorem 3.2], it was showed that if
[Lcp, Loz + an@) +2a5@) + - + (0= 1)agm)
[Trco, Ta(z + aoe) + 2000 + - + (n = 1)agm))

for ay > as > -+ > a, >0, then Fy(x—azs—2a3—---—(n—1)ay,) is a logarithmically
completely monotonic function of 2 on (0, c0).
n [14, Theorem 3.3], it was stated that the functions

() = Fq(x) Ecn:/f] |:Hm€Pn 2k (CL' + ZJ ! amj)}
n,q = EC(Z;FI)/Q] [HmePn,% ) (x—l- Z2k 1 mj)}

for any ar > 0 with £ = 1,...,n are logarithmically completely monotonic on
(0, 00), so is any product of functions (5.11) with different parameters ay.

Fy(z) =

(5.10)

(5.11)

Remark 5.2.2. Tt is obvious that [14, Theorem 3.2 and Theorem 3.3] are g-analogues
of [14, Theorem 1.1 and Theorem 1.2].

5.3. Some recent conclusions. By a recourse to the monotonicity of ¢a g(t) on
(0, 00), the following sufficient conditions for the function hq p.n () to be logarith-
mically completely monotonic on (0, 00) are devised.

Theorem 5.1 ([16]). If
hold for 1 <i<n and

i—1 i—1

then the function he.p.n(x) is logarithmically completely monotonic on (—py, 00).
If inequalities in (5.12) and (5.13) are reversed, then the function hp g:n () is log-
arithmically completely monotonic on (—py,, 00).

The g-analogue of Theorem 5.1 is as follows.

Theorem 5.2 ([16]). Let a; and b; for 1 < i <n be real and p, = miny<;<n{a;, b;}.
For x € (—pn,0), define

L Ly(z+a;)
q,abn :HF @+ ) (5.14)
=1
for 0 < g < 1, where a and b stand for (a1,as,...,a,) and (by,ba, ..., b,) respec-

tively. If inequalities in (5.12) and (5.13) hold, then the function hq.q,pm(x) is loga-
rithmically completely monotonic on (—py,00). If inequalities in (5.12) and (5.13)
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are reversed, then the function hypa:n(x) is logarithmically completely monotonic
on (_pn; OO)
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